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Abstract

Using Volterra series we resolve analytically the non-linear rate equations describing the time evolution of the charge
carrier concentration in an Al/6T/ITO cell when the device is illuminated and charge carriers are uniformally generated
in the bulk at a known rate. We present the analytic expressions of the charge carrier densities in the bulk as a function
of time and the expression for the photocurrent across the device. We show that the response contains a transient part
and a permanent one. Using the first and the second order permanent response the photocurrent action spectrum of the
device is obtained. We use these analytic results to suggest a method to evaluate experimentally the carrier lifetimes 1,
and 7, and the Langevin bimolecular recombination rate. The system of rate equations has also been resolved nu-
merically, using the Runge—Kutta method. Finally we compare successfully the measured photocurrent action spectrum

with those obtained numerically and analytically.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Sexithiophene (6T) is at present one of the most
widely used model molecules of conjugated poly-
mers [1,2]. One of its major advantages is the
availability of single crystals, where the number of
structural defects is much lower than in polymers
or polycrystalline films. Conjugated polymers have
been investigated for many years as the photoac-
tive components in optoelectronic devices [3,4].
However, there is no clear theoretical description
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of optical and electronic phenomena in these ma-
terials. Theoretical models which successfully des-
cribe the photovoltaic action spectra of inorganic
semiconductors could not be applied to conjugated
polymers because the charge transport and semi-
conducting properties of these materials depend on
the morphology of the polymer chain folding and
arrangement and on photogeneration mechanisms
with intricate competitive effects like the presence
of traps and excitation states. In the field of
polymers many models and analyses are based
on the evolution equations of the electron and
hole population densities. Overall system behav-
iour could be predicted using proper analytical
techniques; that is why analytical expressions give
powerful tools for analysis and are necessary in the
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determination of the performance of a system. We
use here a method that can be applied to every
non-linear system of differential equations [5]. It
makes it possible to interpret analytically some
experimental results which are otherwise difficult
to analyse. In the present paper we resolve the rate
equations describing the time evolution of the
carrier concentrations in the device. Our purpose is
to give an analytical expression of the photocur-
rent across an illuminated AI/6T/ITO ' cell. First
we describe the time evolution of the charge car-
riers in an Al/6T/ITO structure, operating as a
photovoltaic cell. Second we present the Volterra
and the power expansion series which allows to
compute symbolically the response of the non-
linear system considered here. Then, using these
mathematical tools, we calculate analytically the
response in terms of charge carrier concentrations
and photocurrent as a function of time. We resolve
numerically our kinetic system using the fourth
order Runge-Kutta method. Finally we compare
our theoretical results with the experimental ones.

2. The AI/6TATO photovoltaic cell

6T preparation and purification are described in
[6,7]. 6T is sandwiched, by an evaporation process,
between two asymetric electrodes: indium-—tin—
oxide (ITO) and aluminium (Al). The absorption
spectrum of 6T thin films was obtained using a
Cary 2300 spectrophotometer working in the vi-
sible range. The photocurrent action spectra were
measured by intermittently illuminating the cell
through the Al electrode with a tungsten halogen
lamp (36 V, 400 W), at the entrance side of the
monochromator and lock-in detection amplifier
(ATNE). The frequency of the incident chopped
light was chosen in such a way that the permanent
regime was established for every single cycle
(about tens of ms) [8]. The entire setup assembly
was controlled by the software Keithley Das 1600.

Several studies of the mechanism of photogene-
ration of charge carriers in Al/6T/ITO cells have

' ITO = indium-tin—oxide conductive semitransparent layer
on a glass substrate.

been reported [9,10]. Ghosh et al. [9] have shown
that photoexcitation with a photon energy equal
or larger than the energy gap of the device gene-
rates electron—holes pair in a narrow photoactive
region, the depletion layer, which leads to free
charge carriers in the bulk. They have also shown
that the most photosensitive region is the interface
between the aluminium and the 6T, and that the
photocurrent depends on the ability of the mi-
nority carriers (electrons) to reach this interface
which acts as a sink for them. In this work, in-
teractions between carriers of the same type
(electron—electron and hole-hole) are ignored be-
cause it is assumed, based on the Drude model,
that in fact these interactions lead mainly to a
damping effect. We note that an ohmic contact on
a semiconductor is usually defined as a contact
whose impedance is negligible compared to the
total impedance of the device, and which does not
affect the bulk carrier concentration far into
the semiconductor [11]. Phenomenologically, the
temporal variation of the free carrier concentra-
tion in the bulk is equal to the photogeneration
rate minus the spontaneous recombination rate
(the rate at which carriers are destroyed inside the
bulk through the carrier lifetimes) and the bimo-
lecular recombination losses. Then, if we denote
the density of the holes by p and that of the elec-
trons by n, the rate equations describing the time
evolution of the concentration of carriers in the
device when illuminated by a flux density of pho-
tons ¢(¢,x) are (c.f. [8])

dn_ ah(1,x) — — — Rnp,

dr T, ()
dp P

T ap(t,x) — . — Rnp,

where 7, and 7, are the carrier life time of » and p,
respectively, and a quantum yield of one has been
assumed. The factor R denotes the bimolecular
recombination rate, o is the absorption coefficient
(cm™!), ¢ is the incident photon flux density
(cm™2s7") considered as the input of our system.
In Fig. 1 we show the experimental absorption
spectrum. Since our sample (Al/6T/ITO) has a
small thickness (150 nm) (Fig. 2), we can assume
that the illumination is homogeneous through the
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Fig. 1. The experimental absorption spectrum of 6T.
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Fig. 2. Schematic view of an AL/6T/ITO cell and sketch of the
energy band diagram.

device, consequently the generation term ad(¢,x)
becomes independent of x, ie. ¢(f,x) = ¢(¢).
Furthermore, in the nearly constant field as-
sumption and with the absence of injected current,

the density of the photogenerated carriers (e-h) is
considered to be uniform (Op/0x = 0n/0x ~0).
For this reason, we do not consider the contribu-
tions of any divergence of either current described
by (1); in fact we assume 0j,/0x = 0/0x[eu, (nE +
(kT /e)on/0x)] ~ 0. Then the spatial dependencies
in the equations are removed:

D ag(t) — L~ R,

dr Ty @)
dp =ap(t) — L Rnp.

dr T,

3. Mathematical analysis

The Volterra series are defined by [12]

y(f) = ho(f) + /Ot]’ll(t,ﬁ)u(‘c])d‘cl + ...

+/0t /Orn--~/012h,,(t,rn...‘El)ﬁu(‘c,-)dfi,
3)

where y(¢) is the system output and u(¢) is the
system input assumed, for simplicity, to be scalar;
h, is the nth order Volterra kernel. Although the
Volterra series has been successfully used in many
applications, it has not received a great deal of
attention. The reason seems to be that tedious
computations are involved in the determination of
Volterra kernels. Moreover, it is often difficult to
obtain the response for a given input, even when
the Volterra kernels are known. To overcome this
difficulty and to resolve symbolically the non-
linear system, we associate to each basic variable
(n and p in our case), a new symbolic variable g
called generating power series (GPS), which rep-
resents the Laplace—Borel transforms of » and p.
The expression in the time domain of (3) is rep-

resented by the following formal generating power
series called GPS [13,14]:

g= >

(i0i1seemsin = 0) Jin o i1, o
h n20z0zy - zgz12g (4)
n=0 ip,i,..,ip =0

Moreover, the GPS can be obtained directly from
the kinetic system (2), and using some algebraic
rules, we calculate g, and g,. The latter lead to n
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and p by taking the inverse Laplace—Borel trans-
form.

As shown in Appendix A, the mathematical
model is a powerful tool allowing for a complete
treatment and giving full analytic solutions for
non-linear systems. The complete solution of the
coupled equations (2) in second order is given by

o (Tnfp)z
p=art (1 — efﬁ) +a*R—-"2
! (T + 1)
O I ) = O o
(TP - T'l) (Tn - Tp)
PR B R G )
(T + 1) T, Tp
n t —t
x (1—T—>erp>, (5)
T T
= 5 (Tt )
n=ar,(l —ev) + a®R—2—
(T + 1)
o (1ot m)e | e (6t )er
(Tn Tp) (Tp —T4)
R (] T (@t )
(tu + 1) 2 T,

><<.—z':—;>er7'>. (6)

p(t), n(t) are the responses, describing the hole and
electron population densities, respectively. The
obtained solution contains two components: a
permanent one and a transient one which consists
of terms multiplied by exp(—¢/t,) or exp(—t/1,).
Moreover, we can clearly distinguish in the com-
plete solution the first order response and the
second order one (terms multiplied by «a?). For
instance the following expressions p = at,(1—
e/%) and n = at,(1 — e /™), correspond to the
first order response. Note that the solutions are
well-defined. In fact, as is known, the response of a
non-linear system using the Volterra series is the
sum of elementary responses y;(¢) (Fig. 3); each
term corresponds to the ith order of the system
defined by it’s Volterra kernel %;(¢,7;,...,7;). The
first order part of our system is described by

:|5"
:

by

:

input second order

]

output

¥

Fig. 3. Schematic view of a non-linear system decomposed
according to the Volterra approach.

dn n

E: a¢(t) _‘E_n’ (7)
d

T =ag(0) f

One can easily resolve this system with zero time
initial conditions and ¢(¢) = ¢,u(¢) to obtain the
same results as given by the first order response of
(5) and (6). According to the definition of the
Volterra kernel [15], we give the expressions of the
first and the second order Volterra kernel of n as

hi(t) = T, ™ul(t),
—ty — 1,1
hz([l , tz) = RTp (ef_'; —¢ ? (T”-hp)) (eitl/r” =+ eitl/rp).
(8)

To obtain the Volterra kernel of p we replace 7, by
7, and 1, by 1,.

For ¢t — oo, the second order expressions of the
hole and of the electron density become

(Tn'fp)z 2 T"T; 2
=at,+——a R+ ——a'R,
N TS R O S o)
2
n=ar, + MazR Tpir’%azR.
(ta + 1) (T +7p)

These new expressions correspond to the steady-
state regime.
4. Discussion

In Figs. 4 and 5 we present the analytical res-
ponses which correspond to the time evolution of
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Fig. 4. Calculated electron density as a function of time: (a)
first order, (b) complete solution (first and second order).
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Fig. 5. Calculated hole density as a function of time: (a) first
order, (b) complete solution (first and second order).

the electron and hole density, in the crystal. We
show a transient and a permanent behaviour, in
fact the densities increase with time and become

constant after a few microseconds. This time is less
than the experimental illumination period which
implies that the permanent regime is reached for
each cycle. If we compare the carrier density in the
first order with that of the second order we find
that An/n~ Ap/p ~ 8%. Thus the second order
contribution is not negligible.

The photocurrent across the Al/6T/ITO cell is
proportional to the charge carrier density as

I = ew,ESn + e, ESp, (10)

where e is the elementary charge, u the mobility of
the carriers estimated as u, = 1.5 x 107 cm?/V's
and p, = 1.5 x 107> cm*/V s [8], S the cross-section
of the device (S ~ 1 mm?), and E the electric field
in the depletion layer. To evaluate £ we can con-
sider the work functions of Al and ITO as 4.2 and
4.8 eV respectively; the width of the depletion layer
is assumed to be about 12 x 107% cm [8]. Then we
find E ~ 10* Vem™! which seems to be a realistic
value. To evaluate the recombination rate con-
stant, we consider that the dielectric constant of
the organic materials used is always small (typi-
cally ¢ ~ 3-4), so Coulomb screening is inefficient
and the distance r. = e*/4neepkg T at which the
attractive interaction between an electron and a
hole is > kgT, is large, typically 15 nm at room
temperature. The capture then results from a
process of diffusion in a field, as in the case of
weakly ionized dense gases treated long ago by
Langevin. Hence the large capture cross-sections
can be estimated as nr> ~ 107" cm?, and the large
recombination rate constant obeys the following
relation [16]:

_ el )
&8

R , (11)

where & is the vacuum permittivity (g ~ 8.85 x
1072 Fm™'). We obtain R~ 7 x 1072 cm’s7!.
These numerical values are used to compute the
analytic current response.

Using the Runge-Kutta method, the differential
equation system (2) is resolved numerically to
obtain the carrier densities » and p as a function of
time. Based on the permanent solutions and with
the relation (10) we deduce the numerical photo-
current action spectrum.
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Fig. 6. Photocurrent action spectrum: (a) numerical spectrum,
(b) measured spectrum, (c) calculated spectrum with first and
second order contribution, (d) calculated first order spectrum.

In Fig. 6 we present the experimental (b) as well
as the numerically (a) and the analytically (c, d)
calculated photocurrent action spectra when the
device is illuminated by a flux density of light
(¢(t,x) = ¢pou(¢)) from an echelon grating. Each
spectrum shows a more or less intense hump for
A<560 nm and decreases sharply for larger
wavelengths. As expected, we can see that the
complete solution (up to the second order) is in
better agreement with the experimental action
spectrum than the first order approximation.
There is also a good agreement between the
numerical and the experimental curves.

We wish to suggest a method to evaluate
experimentally the lifetimes t,, 7, and R; we begin
by writing the rate equations (2) as

d
5= (0 - =,
n (12)
dp p
@ é(1) g

where 1/7, =1/t, + Rp and 1/7, = 1/7, + Rn are
the effective lifetimes of the carriers. Fig. 7 shows
these lifetimes as functions of the incident flux
density. If we can evaluate experimentally 7} and
T,, We can deduce the experimental values of t,
and 7, that correspond to 7, and 7, at ¢ =0, res-

x10°
25

L]

inverse of the effective carrier Iifetimes[1DBs'1]

0 2 4 6 8 10

incident phaton flux density[109%cm2s™"] 4 102

Fig. 7. Dependence of the inverse of the carrier effective life-
times on the incident photon flux density: (a) 1/7}, (b) 1/ T,

pectively. The bimolecular recombination rate R
can also be evaluated as the slope of the derivative
of 7, or 7, with respect to ¢.

5. Conclusion

In this work, using the Volterra series analysis
we have resolved a set of non-linear differential
equations describing the dynamical behaviour of
carriers in an Al/6T/ITO photovoltaic cell for a
space- and time-independent generation rate. The
Volterra series analysis allows us to study non-
linearities of the device. The obtained results are
given analytically in their complete form. Thanks
to this method, we found theoretical expressions of
the hole and electron densities and of the photo-
current action spectra. We have shown that the
contribution of the second order is not negligible,
contrary to what has been assumed frequently.
The theoretical photocurrent action spectra of the
first and second order are computed; these com-
pare well with the experimental ones. The presence
of an absorption band between 350 and 500 nm
leading to free charge carriers corresponds to the
spectral range, where the device can be used as an
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organic photodiode. Theoretical models are nec-
essary in the design and optimization of non-linear
systems, for example the Volterra kernels obtained
here could be implemented in CAD developements
to evaluate easily the photovoltaic performance
for a given device. We plan to continue investi-
gating more samples and to look for an experi-
mental method to measure the effective charge
carrier lifetimes, to be able to deduce the bimole-
cular Langevin recombination rate and the micro-
scopic lifetimes of the charge carriers.

Appendix A

Several physical systems, for example a photo-
voltaic cell, can be described by the following
typical coupled differential equations:

L 12 12
X1 = Aixy + aygxi + agx; + a;xix; + ad(t),
.y 22, 2 2, 2 /

X2 = Joxa + x| + agx5 + ayxixa + d' (1),

(A.1)

where ¢(¢) is the input and x(¢) and x,(¢) are the
outputs. Brockett [17] has shown, using the Carle-
man linearisation method, that a set of bilinear
systems can be associated with a non-linear one
where the nth derived bilinear system has the same
n first Volterra kernels as the ones found in the
non-linear system. Let us consider the following
non-linear system and assume that the Oth order
Volterra kernel is zero. ¢(¢) is the input of our
system and x;(0) = x,(0) =0 are the initial con-
ditions. We introduce a set of variables:

By differentiating Eq. (A.2) we obtain
J.C,'j = I'J-(f1x'.171x12. —|—jx"15c2xl;l. (A3)

By inserting (A.1) in (A.3) and by eliminating
the monomials for i + j > n because these have no
effect in the Volterra approximation of order n, we
obtain, in the algebraic domain, the system of the
GPS gj; [15] associated with x;(¢); then we deduce
the g7,, and g2, associated with the variables
X1 =p, Xp = n.

The gj; (of order n), are given by
if
i+j=n,
g = (1= (ids + j7)z0) " (iazl g+ ja’zlg;g.jl));
if
i+j<n,
g = (1= (k1 + jla)zo) ! ((iago + @208,
+ (iay, +ja§2)zogf’(/+1) + ia(l)zzog?i—l)mz)
+ 208 )1y T 14T +f"/21g?6—11>)3
(A.4)
where the letter z, corresponds to the integration

[15] with respect to time and the letter z; denotes
the integration with respect to time after multi-
plying by the input ¢().

Note that this formal computing for non-linear
systems generalizes the Heaviside calculus for lin-
ear systems. For the calculation we must compute
first g, g0, then g3, g3,, &%, &> g5;» and so on.

The GPS of our system up to second order are
expressed by

1 -1 1 -1
g%o = a(l + —zo> z1 + a2R<1 + —Zo>
Tp Tp
11 ! 1\
X Zy 1+ —+— Z0 Z1 1+—ZO Z1
T, Ty T,
R 1\ 11 -
+aR(1+—2z) z|l4+|—4+— ]z
Tp ‘Ep Tn

1 -1
X Z] (1 + T_ZO> Z1, (AS)

¥4

1 -1 1 -1
gél — a(l +’C_ZO> Z1 —|—a2R(l +’E_ZO>
11 - 1\
X Zy 1+ —+— Z0 Z1 1+—ZO Z1
T, Ty T,
R 1\ 11 -
+aR(1+—2z) z|l4+|—4+— ]z
T, T, T,
1 1
XZl(l +T_ZO> Z]. (A6)

p

For the step input, ¢(¢) = ¢yu(t) where u(¢) is the
Heaviside unit step function, we put a = a¢, and
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we substitute the letter z; by the operator zy[g,®]
in the expressions (A.5) and (A.6), where the
symbol ® designs the shuffle product which is a
symbolic non-commutative rule [13], and g, rep-
resent the Laplace—Borel transform of the input
u(¢) which is the identity. This leads to new ex-
pressions for g7, and g2, that depend only on z,
which are finally expanded on partial-fraction
terms. Our task in performing a partial-fraction
expansion is to express g7, and g, as a sum of
simple fractions, then by taking the inverse
Laplace-Borel transform of g7, and g2, we obtain
the responses in the time domain (see (5) and (6)).
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